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For k \ 1 the odd wheel of 2k+1 spokes, denoted by W2k+1, is the graph obtained
from a cycle of length 2k+1 by adding a new vertex and joining it to all vertices of
the cycle. In this paper it is shown that if a graph G of order n with minimum
degree greater than 7n/12 is at least 4-chromatic then G contains an odd wheel with
at most 5 spokes. © 2001 Elsevier Science (USA)
1. INTRODUCTION
All graphs considered here are simple without multiple edges and loops.
For convenience, we use n as the order of a graph G. It is easy to show that
every non-bipartite graph G with d(G) > 2n/5 contains K3. This is, in fact,
a special case of a general result that a graph G with chromatic number at
least 3 and d(G) > 2n/(2k+1) has an odd cycle with length at most 2k−1.
Andra´sfai, Erdo˝s and So´s [3] in 1974 generalized the result in another way
and proved that every graph G contains Kr if G is at least r-chromatic with
minimum degree greater than (3r−7) n/(3r−4).
For integers s \ 0 and k \ 1, the graph C2k+1+Ks is called a super odd
wheel with center Ks and denoted by W2k+1(s), i.e. a graph obtained from
an odd cycle C2k+1 by adding a complete graph Ks and joining all its ver-
tices to all vertices of the odd cycle. Note thatW2k+1(0)=C2k+1,W3(r−3)=
Kr and W2k+1(1)=W2k+1. Clearly the graph shown in Fig. 1 shows that the
result of Andra´sfai, Erdo˝s and So´s [3] is essentially best possible. Where
the graph in Fig. 1 obtained fromW5(r−3) by replacing each vertex in odd
cycle C5 with an independent set of l vertices, denote them by Ai, i=1, 2, ..., 5,
and replacing Kr−3 in the center with a complete (r−3)-partite graph of
each partite 3l vertices, denote it by Kr−3(3l), each vertex of Ai is joined to
each vertex of Ai+1 and each vertex of Ai joined to each vertex of Kr−3(3l),
i=1, 2, ..., 5, where the index taken modular 5. In the last section, we
shall prove for r \ 3 and k \ 2 that a graph G contains W2i+1(r−3) with
1 [ i [ k−1 if G contains a super odd wheel with center Kr−3 and
d(G) W> ck, rn, where ck, r=(2+(2k−1)(r−3))/(2+(2k−1)(r−2)). Readers
may spot that two cases ck, 3=2/(2k+1) and c2, r=(3r−7)/(3r−4) are
the same as those mentioned above except the conditions. One may ask
whether the condition that G contains a super odd wheel with center Kr−3
can be weakened to that of G being at least r-chromatic. It is easy to check
that C2r−1 is r-chromatic and contains no super odd wheel with center Kr−3.
Therefore, the condition cannot be weakened in general.
However, for k=3 and r=4 the condition can be weakened. More pre-
cisely, we shall show that every graph G with chromatic number at least 4
and minimum degree greater than 7n/12 contains an odd wheel with at
most 5 spokes, i.e. contains either K4 orW5. For convenience, we denote by
Gn the class of K4-free graphs of order n with minimum degree greater than
FIG. 1. A graph obtained fromW5(r−3).
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7n/12 and chromatic number at least 4. The equivalent of our result is that
every graph in Gn contains W5. We shall also show that our result is best
possible by constructing a suitable graph.
Given a subgraph H of G, denote by dH(v) the degree of v in H and
by NH(x1, x2, ..., xl) the common neighbour set in H of vertices x1, ..., xl.
For simplicity, write N(x1, ..., xl) for NG(x1, ..., xl) and N¯(x1, ..., xl) for
NG¯(x1, ..., xl). The notation and terminology not defined in this paper are
standard (see textbooks of Bollob’as [2] and Bondy and Murty [1]).
2. LEMMAS
In order to prove our result in the next section, we shall study some
properties of graphs in Gn by giving ten lemmas in this section. Lemma 1 is
the starting point in the proof of Lemma 4, and is cited in Lemma 2. We
take it from Andra´sfai, Erdo˝s and So´s [3].
Lemma 1. Every non-bipartite graph G of order n with d(G) > 2n/
(2k+1) contains an odd cycle with length at most 2k−1.
Lemmas 2 and 3 state some conditions under which a graph in Gn must
contain W5. Lemma 2 plays an important role in this section, and we often
use it. Lemma 3 does not look beautiful, but it saves our time to avoid
repeating similar proofs in this paper, and its proof is quite neat.
Lemma 2. Suppose G ¥ Gn has a vertex v such that G[N(v)] contains an
odd cycle. Then G containsW5 as subgraph.
Proof. Suppose that G does not contain W5 as subgraph. Let v be the
vertex such that G[N(v)] contains an odd cycle, let v1v2 · · · v2k+1 be a
shortest odd cycle. Then k \ 3 and Lemma 1 implies that d(G[N(v)]) [
2
7 |N(v)|. Let v0 be a vertex in N(v) such that dG[N(v)](v0)=d(G[N(v)]). We
then have
















contradicting that d(G) > 7n/12. L
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Lemma 3. Suppose G ¥ Gn and G contains a complete graph K3=xyz.
Then G contains K4 if either one of the following conditions holds.
(1) |N¯(x, y, z)| \ n8 .
(2) |N¯(x, y) 2 N¯(y, z)| \ n4 .
(3) |N¯(x, y)| \ n4 .
Proof. To prove the lemma, we only have to show that |N(x) 5
N(y) 5N(z)| > 0, i.e., |N¯(x) 2 N¯(y) 2 N¯(z)| < n, in fact we show that
|N¯(x) 2 N¯(y) 2 N¯(z)| < n−3. Since
N¯(x) 5 N¯(z) ‡ N¯(x) 5 N¯(y) 5 N¯(z),
the inclusion-exclusion principle implies
|N¯(x) 2 N¯(y) 2 N¯(z)| [ |N¯(x)|+|N¯(y)|+|N¯(z)|− |N¯(x, y)|− |N¯(y, z)|
[ 3 1n−1−7n+1
12
2−|N¯(x, y)|− |N¯(y, z)|
< n−3+n/4− |N¯(x, y)|− |N¯(y, z)|.
However, each of conditions (1)–(3) implies that |N¯(x, y)|+|N¯(y, z)| \
n/4, so |N¯(x) 2 N¯(y) 2 N¯(z)| < n−3. L
The next lemma is the base of our proof of Theorem 11. It shows that
G ¥ Gn has a large 3-partite induced subgraph with certain additional
properties unless G contains W5. The lemma and its proof are similar to
Lemma 1.4 in [3].
Lemma 4. Suppose that G is a graph in Gn containing no W5 as subgraph.
Then G has a complete subgraph K3=a1a2a3 and a partition {A1, A2, A3, D}
of V(G) having the following properties:
(i) N(a1, a2) … A3, N(a1, a3) … A2 and N(a2, a3) … A1;
(ii) for every z ¥ D and each j (j=1, 2, 3), vertex z is adjacent to
some vertex in Aj;
(iii) for every vertex z ¥ D, there is a N(ai, aj) such that N(ai, aj) 2
{z} is independent;
(iv) |N(a2, a3)| \ n+13 , and |N(a1, ai)| >
n
6 , i=2, 3;
(v) each Ai is independent (and hence D ]”) and |13i=1 Ai | \ 11n+512
(i.e., |D| [ (n−5)/12).
Proof. Lemma 1 implies that G contains a complete subgraph K3=
a1a2a3. Let X1=N(a2, a3), so, vertex a1 is in X1. Considering N(a1)
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Lemma 2 implies that G[N(a1)] is bipartite. For i=2, 3, let Xi be the
color class of G[N(a1)] containing ai. Now let us define three subsets A1,
A2 and A3 of V(G) as follows:
(a) Ai …Xi for every i=1, 2, 3,
(b) Ai is independent for every i=1, 2, 3, and Ai 5 Aj=” for
1 [ i < j [ 3,
(c) |13i=1 Ai | is maximal with the properties (a) and (b).
To see that the sets Ai exist, we only have to check that the sets Xi are
independent and disjoint. Since G is K4-free, the set X1 is independent and
disjoint from X2 and X3. The sets X2 and X3 are color classes of the
subgraph induced by N(a1) so, they are independent and disjoint, as
desired.
Let D=V(G)013i=1 Ai, so {A1, A2, A3, D} is a partition of V(G). It is
obvious that the complete subgraph K3=a1a2a3 and this partition have
properties (i) and (ii) by the definitions of Xi and Ai. Next, we shall prove
that they have the property (iii).
Suppose that a vertex z ¥ D has neighbours b1 ¥N(a2, a3), b2 ¥N(a1, a3)
and b3 ¥N(a1, a2) Since z ¥ D there is at most one i such that bi=ai. If
ai=bi for some i then we have W5 with center ai and the cycle ajbkzbjak
where k ] j ] i. Thus, all vertices z, ai and bi are distinct and z is not
adjacent to any ai.
Let F, shown in Fig. 2, be the subgraph of G induced by those vertices.
We shall get a contradiction by counting the edges between V(F) and
V(G)0V(F) in two different ways.
We claim that every vertex in V(G)0V(F) is adjacent to at most 4
vertices of F. Suppose that, contrary to our claim, a vertex x in V(G)0V(F)
is adjacent to all vertices of F except vertices c and d. Then, we have the
following 6 possibilities.
FIG. 2. Any dashed edge may or may not belong to F.
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Case 1. c=ai and d=aj. Then G contains W5 with cycle xbiajaibj and
center ak where k ] i, j.
Case 2. c=bi and d=bj. Then G contains K4.
Case 3. c=ai and d=bj where i ] j. Then G contains K4.
Case 4. c=ai and d=bi. Then G containsW5 with center x.
Case 5. c=z and d=ai. Then G contains K4.
Case 6. c=z and d=bi. Then G contains K4.
In each case, we have that G contains K4 or W5 which contradicts the
hypothesis of the lemma. Thus, every vertex in V(G)0V(F) is indeed
adjacent to at most 4 vertices of F. Therefore, the number of edges between
V(G)0V(F) and V(F) is at most 4(n−7). On the other hand, by adding
the degrees of vertices in F, we have that the number of edges between
V(G)0V(F) and V(F) is at least 7(7n+1)/12−2 |E(F)|. Then,
7(7n+1)
12
−2 |E(F)| [ 4(n−7).
The inequality above implies that |E(F)| \ 15. Since F does not contain
K4, b1b2b3 is not a triangle, hence |E(F)| [ 14, a contradiction. Thus we
have proved that the partition {A1, A2, A3, D} have the property (iii).
Taking a vertex z of D, assume that z and N(ai, aj) satisfy the prop-
erty (iii). The property (ii) implies that there is a vertex x of A3 such that
xz ¥ E(G). Then, N¯(x, z) ‡N(a1, a2), so
|N(x, z)|=d(x)+d(z)− |N(x) 2N(z)| \ 14n+2
12




where |N(a1, a2)|=|N(a1)|+|N(a2)|−|N(a1)2N(a2)|\ d(a1)+d(a2)−n \
(n+1)/6.
Replacing vertices a2 and a3 by vertices x and z, taking a vertex in
N(x, z) as a1, and defining Xi, Ai and D as above, the new complete graph
a1a2a3 and the new partition {A1, A2, A3, D} have the properties (i)–(iii). It
is clear that N(a1, ai) \ d(a1)+d(ai)−n \ 2(7n+1)/12−n=(n+1)/6.
Then, the new partition have the property (iv) since |N(a2, a3)|=
|N(x, z)| \ (n+1)/3.
By definition, the set Ai is independent, and A1 ‡X1=N(a2, a3) and A2 2
A3 ‡X2 2X3=N(a1). Then |13i=1 Ai | \ |N(a2, a3)|+d(a1) \ (11n+5)/12.
Therefore, the property (v) holds, and we complete the proof of the
lemma. L
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Lemmas 5–10 concern the structure given in Lemma 4.
Lemma 5. In Lemma 4, For every v ¥ A1 2 A2 2 A3 the induced subgraph
G[N(v) 5 (A1 2 A2 2 A3)] is connected.
Proof. Suppose there is a vertex v in 13i=1 Ai such that G[N(v) 5




Ai 2: \ d(v)− |D| \ 7n+112 −n−512 =n+12 .
For a component w of G[N(v) 5 (A1 2 A2 2 A3)] with the minimum
number of vertices, then we have
:N(v) 5 103
i=1
Ai 2:−|V(w)| \ n+14 . (1)
For every vertex u ¥ V(w), N(u, v) … D 2 V(w), hence,









Then there is an edge e=uw ¥ E(w). Since (N(v) 5 (13i=1Ai))0V(w) …
N¯(u, w) inequality (1) and Lemma 3(3) imply that G contains K4, a
contradiction. L
In what follows, we shall study the vertices in D.
Lemma 6. In Lemma 4, every vertex v in D is adjacent to a vertex in
N(a2, a3).
Proof. Suppose that v is not adjacent to any vertex in N(a2, a3). By
the property (ii) in Lemma 4, the vertex v is adjacent to a vertex x ¥ A1.
Then, N(x) 2N(v) … V(G)0N(a2, a3), so, |N(x, v)|=d(x)+d(v)− |N(x) 2
N(v)| \ (n+1)/2 and |N¯(x, v)| \ |N(a2, a3)| \ (n+1)/3. Let y be a vertex
in N(x, v), xyv is a K3. Lemma 3(3) implies that G contains K4, a contra-
diction. L
Lemma 7. In Lemma 4, suppose v ¥ D is adjacent to x, y and z in
different sets A1, A2 and A3. Then at most one of xy, xz and yz is an edge of G.
Proof. Suppose that two of the edges xy, xz and yz are in G, say xy
and xz. Then the vertices y and z are in the induced subgraph
G[N(x) 5 (13i=1 Ai)]. Lemma 5 implies that there is a path P from y to z
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in G[N(x) 5 (13i=1 Ai)]. Since this is a bipartite graph with bipartition Ai,
Aj, the length of the path P from y to z is odd. Then, the induced subgraph
G[N(x)] contains an odd cycle vyPzv, Lemma 2 implies that G contains
W5, a contradiction. L
Lemma 8. In Lemma 4, no edge in G is between NA2=N(v) 5 A2 and
NA3=N(v) 5 A3 for v ¥ D.
Proof. Suppose that there is an edge wt such that w ¥N(v) 5 A2 and
t ¥N(v) 5 A3. Lemma 7 implies that (N(v) 5 A1) 5N(w)=” and (N(v) 5
A1) 5N(t)=”, i.e. N(v) 5 A1 … N¯(w, t). By the property (iii) of Lemma 4
and Lemma 6, we may assume that {v} 2N(a1, a3) is an independent set,
i.e. N(a1, a3) … N¯(v, w). Since |A1 | \ (n+1)/3 and d(v) \ (7n+1)/12, we
have
|N(v) 5 A1 | \ d(v)−(n− |A1 |− |N(a1, a3)|) \ (n+7)/12. (2)
Lemma 4 implies
|N(a1, a3)| \ (n+1)/6. (3)
Since N(a1, a3) … A2 we have N(a1, a3) 5 (N(v) 5 A1)=”. And since
N(a1, a3) 2 (N(v) 5 A1) … N¯(v, w) 2 N¯(w, t), and inequalities (2) and (3),
|N¯(v, w) 2 N¯(w, t)| \ |N(a1, a3) 2 (N(v) 5 A1)| \ (n+3)/4
the second part of Lemma 3 implies that G contains K4. L
Lemma 9. In Lemma 4, assume that uv is an edge in G[D]. Then one of
u and v is joined to N(a1, a3) and the other one is joined to N(a1, a2).
Proof. Suppose that both vertices u and v are not joined to one of
N(a1, a3) and N(a1, a2), say N(a1, a3). Then N(a1, a3) … N¯(u) and
N(a1, a3) … N¯(v).
By the property (ii) of Lemma 4, there are two vertices w, t ¥ A2 such
that uw ¥ E(G) and vt ¥ E(G). If w=t then |N¯(u, v, w)| \ |N(a1, a3)| > n/6,
and Lemma 3 implies that G contains K4, a contradiction. Therefore w ] t.
Lemma 8 implies that N(u, w) … A1 2 D and N(v, t) … A1 2 D. If
N(u, w) 5N(v, t) 5 A1 ]”, let a −1 be a vertex in N(u, w) 5N(v, t) 5 A1.
Then Lemma 5 implies that there is an even path Pwt in G[N(a
−
1) 5
(13i=1 (Ai))] from w to t. Thus
P −wt=uwPwttvu
is an odd cycle in G[N(a −1)], so Lemma 2 implies that G contains W5,
a contradiction.
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Therefore, N(u, w) 5N(v, t) 5 A1=”. Then,
|A1 | \ |N(u, w)−D|+|N(v, t)−D|. (4)
Since |N¯(u, w)| \ |N(a1, a3)| > n/6 and |N¯(v, t)| \ |N(a1, a3)| > n/6, we
have |N(u, w)| > n/3 and |N(v, t)| > n/3. Since |D| < n/12, the inequal-
ity (4) implies that |A1 | > n/2. Therefore, |G| \ d(a1)+|A1 | > 7n/12+
n/2 > n, a contradiction, and we have proved our lemma. L
Lemma 10. In Lemma 4, the set D is independent.
Proof. The property (iii) of Lemma 4, Lemma 6 and Lemma 9 imply
that G[D] is bipartite. Let S, T be bipartite classes of G[D].
Suppose that there is an edge uv ¥ G where u ¥ S and v ¥ T. By Lemma 9,
we may assume that v is adjacent to t in N(a1, a3). Then u is joined to
N(a1, a2), and the property (iii) of Lemma 4 and Lemma 6 imply that u is
not joined to N(a1, a3). But the property (ii) of Lemma 4 implies that u is
adjacent to w in A2−N(a1, a3). Since neither u nor w is joined to N(a1, a3)
and |N(a1, a3)| >
n








If N(u, w) 5N(v, t)=”, Lemma 8 implies that
|A1 2 D|=|A1 2 S 2 T|











Since |D| < n12 , we deduce that |A1 | >
5n
12 . But A1 is an independent set, so for
all x ¥ A1, dG(x) [ |G|− |A1 | < 7n12 , a contradiction. Therefore, N(u, w) 5
N(v, t) is not empty.
Let a −1 be a vertex in N(u, w) 5N(v, t), then a −1 ¥ A1, since N(u, w) ı
A1 2 T and N(v, t) ı A1 2 S. Lemma 5 implies that there is an even path
Pwt in G[N(a
−
1) 5 (13i=1(Ai))] from w to t. Then, using Lemma 2, we get a
contradiction since G[N(a −1)] contains an odd cycle uwPwttvu. L
3. MAIN RESULTS
With the preparation in the last section, we can easily prove our results.
Theorem 11. Every graph G ¥ Gn containsW5 as subgraph.
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Proof. Let G be a graph in Gn. Suppose that G does not contain W5 as
subgraph. Then G has a complete subgraph K3=a1a2a3 and a partition
{A1, A2, A3, D} having the properties in Lemma 4.
Take a vertex z of D. By Lemma 6, we may assume that z and N(a1, a3)
satisfy the property (iii) of Lemma 4. The property (ii) of Lemma 4 implies
z is adjacent to a vertex w ¥ A2 and a vertex t ¥ A3. Lemmas 8 and 10 imply
that N(z, w) … A1 and N(z, t) … A1.
If N(z, w) 5N(z, t)=”, then
|A1 | \ |N(z, w)|+|N(z, t)|
\ |N(z)|+|N(w)|− |N(z) 2N(w)|+|N(z)|+|N(t)|− |N(z) 2N(t)|
> 7n/12+7n/12+7n/12+7n/12− |V(G)−N(a1, a3)|− |N(z) 2N(t)|
> 7n/3−n+n/6−n=n/2.
But, we get a contradiction n=|G| \ |A1 |+d(a1) > n/2+7n/12 > n. There-
fore, there exists a vertex v1 in N(z, w) 5N(z, t) … A1.
By Lemma 5, the induced subgraph G[N(v1) 5 (13i=1 Ai)] is connected.
Since v1 is in A1, we have G[N(v1) 5 (13i=1 Ai)]=G[N(v1) 5 (A2 2 A3)].
Then G[N(v1) 5 (A2 2 A3)] is connected and bipartite with two classes
N(v1) 5 A2 and N(v1) 5 A3. Note that w ¥N(v1) 5 A2 and t ¥N(v1) 5 A3.
We have a path P from t to w in G[N(v1) 5 (A2 2 A3)] which must have
odd length. Therefore, the induced subgraph G[N(v1)] has an odd cycle
zPz and Lemma 2 implies that G containsW5. L
FIG. 3. Graph H.
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The graph H in Fig. 3 obtained from W7 shows that the result in
Theorem 11 is best possible. Where the graph in Fig. 3 obtained from W7
by replacing each vertex in odd cycle C7 with an independent set, denote















respectively (see Fig. 3), and replacing the vertex in the center with an
independent set of N5n+712 M vertices, denote it by B, each vertex of Ai is joined
to each vertex of Ai+1 and each vertex of Ai joined to each vertex of B,
i=1, 2, ..., 7, where the index taken modular 5. It can be checked that
d(H)=7n12 and q(H)=4 and H is K4-free, but H contains no W5. In this
sense that the condition d(H) > 7n12 can not be weakened in Theorem 11 and
it is best possible. The next result is a generalization of Lemmas 1 and 2. As
we have seen, the two special cases k=2, r=3, and k=3, r=4 have been
used often. This is why we put them as Lemmas 1 and 2 at the beginning of
the previous section rather than here.
Theorem 12. For k \ 2 and r \ 3, suppose that G contains a super odd





Then G containsW2i+1(r−3) for some i, 1 [ i [ k−1.
Proof. We prove the Theorem by induction on r. The proof is similar
to that of Lemma 2. Lemma 1 provides the basis of the induction. For
r > 3, let v be a vertex of G such that G[N(v)] contains a super odd wheel
with center Kr−4. If d(G[N(v)]) > ck, r−1 |N(v)|, then by induction G[N(v)]
containsW2i+1(r−4), so G containsW2i+1(r−3), where 1 [ i [ k−1.
Suppose that d(G[N(v)]) [ ck, r−1 |N(v)|. Let v0 be a vertex of G[N(v)]
such that dG[N(v)](v0)=d(G[N(v)]). Then we have
dG(v0) [ dG[N(v)](v0)+|G|− |N(v)|
[ ck, r−1 |N(v)|+n− |N(v)|
=n−(1−ck, r−1) |N(v)|
[ n−(1−ck, r−1) ck, rn
=ck, rn
contradicting that d(G) > ck, rn. L
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